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Abstract: Proteins exhibit highly complex three-dimensional structures
characterized by irregular geometry, hierarchical organization, and
multiscale heterogeneity that are not adequately described by classical
Euclidean models. Fractal modeling provides a powerful mathematical
framework to capture these intrinsic structural features by exploiting self-
similarity and scale invariance inherent in protein folding. In this
approach, protein backbones, residue packing, and molecular surfaces are
analyzed using fractal descriptors such as fractal dimension, mass-radius
relationships, and box-counting methods. These measures quantitatively
characterize protein compactness, backbone complexity, and surface
roughness across different spatial scales. Fractal analysis has proven
effective in distinguishing between ordered and intrinsically disordered
regions, comparing native and misfolded conformations, and elucidating
structure-function relationships, particularly at active and binding sites. By
integrating concepts from polymer physics, statistical mechanics, and
nonlinear geometry, fractal modeling enhances our understanding of
protein organization beyond conventional structural parameters. This
framework offers valuable insights into protein stability, folding dynamics,
and biological functionality, and serves as a complementary tool in
structural biology, computational biophysics, and bioinformatics.
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dimension, Globular proteins, Surface complexity, Atomic coordinates,
Structural compactness.

1503 | www.scope-journal.com



Scope
Volume 15 Number 04 December 2025

1. Introduction

Fractals are geometric structures characterized by self-similarity, irregularity,
and scale invariance, meaning that similar patterns recur at different levels of
magnification. Unlike classical Euclidean objects—lines, circles, and planes—fractals
possess non-integer (fractional) dimensions, which quantify their complexity more
accurately. Introduced formally by Benoit Mandelbrot, fractal geometry has been
successfully applied to a wide range of natural systems such as coastlines, trees, clouds,
blood vessels, and bacterial colonies [1]. These systems share a common feature:
structural complexity that cannot be described adequately by smooth, regular
mathematical models. Key properties of fractals include self-similarity (exact or
statistical), power-law scaling, and robustness under scale transformations. These
properties make fractal concepts especially suitable for modeling biological structures,
where growth processes are governed by local rules but produce globally complex form.

Proteins are fundamental biological macromolecules composed of amino

acids linked in a linear sequence (Figure.1). This primary structure folds into higher levels
of organization—secondary (a-helices and B-sheets), tertiary (three-dimensional folding),
and quaternary (multi-subunit assemblies). Protein folding is driven by physicochemical
interactions such as hydrogen bonding, hydrophobic forces, and electrostatic
interactions, resulting in highly irregular and heterogeneous spatial arrangements [2].
Traditional geometric descriptions often treat protein structures as smooth and compact
objects. However, experimental evidence from X-ray crystallography and nuclear
magnetic resonance reveals that protein backbone, residue packing, and molecular
surfaces exhibit roughness, heterogeneity, and hierarchical organization across multiple
length scales.
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Figure.1 Protein Molecular structure
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2. Fractals in Protein Structure

Fractals are geometric structures that exhibit self-similarity and scale invariance, meaning
similar patterns appear at different length scales. In protein science, fractal concepts help
explain the complex, irregular, and hierarchical organization of protein structures that
cannot be fully captured by classical Euclidean geometry. Traditional geometry assumes
smooth, regular shapes, whereas protein backbones and surfaces are rough and
fragmented, making fractal geometry a natural and powerful framework [5, 6].

2.1 Mathematical Representation
Trigonometry plays a fundamental and unavoidable role in protein structure
analysis, especially because proteins are 3-dimensional molecular objects whose geometry
is described through angles, distances, and rotations. To find the 3D coordinates (x, y, z)
of an atom in a protein, the calculation is based on distance geometry and trigonometry,
using bond lengths, bond angles, and dihedral (torsion) angles.
Let:
L = bond length between atoms
0 = bond angle
¢ = torsion (dihedral) angle
To find the coordinates of an atom in 3D (x, y, z):
xX=rcosf
y=rsin6cos @
Z=rsin @ sin ¢

Parameter Value (MET backbone)
Bond length (L) 1.458 A

Bond angle (6) 110.4°

Torsion angle (¢) -57°

Torsion angle () —-47°

Coordinate (10.546, 18.392, 23.417) A

Remaining coordinates are calculated in the same manner. From Table 1, 2, Analyzing
atomic coordinates (x,y,z) in protein structures is extremely useful because all structural,
functional, and dynamical properties of proteins are encoded in these coordinates.
Analysis of protein atomic coordinates enables the extraction of multiple layers of
structural and functional information. Inter-atomic distances and angular measurements
derived from Cartesian coordinates provide insight into local and global structural
integrity, including backbone conformation and secondary structure formation.
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Coordinate-based measures such as root mean square deviation (RMSD) and radius of
gyration quantify conformational stability and structural changes during folding or
interaction. Surface geometry obtained from atomic coordinates allows the
characterization of protein surface roughness and complexity, which can be further
analyzed using fractal dimension to understand functional adaptability. Distance-based
contact maps constructed from coordinates reveal residue-residue and protein-protein
interaction networks, aiding in the identification of active and binding sites.
Furthermore, time-dependent coordinate trajectories facilitate the study of molecular
dynamics, capturing protein flexibility, fluctuations, and stability that are not apparent
from static structures [7].

2.2 Protein 1: Hen Egg White Lysozyme
Hen Egg White Lysozyme (HEWL) is one of the most extensively studied enzymes in
structural biology and biophysics. It serves as a model protein for understanding enzyme
structure, folding, stability, and structure-function relationships [8].

e PDBID:1LYZ

e Length: 129 amino acids

o Type: Compact globular enzyme

o Use case: Ideal for testing high fractal dimension (~2.6-2.9)

Table1.Cx Atomic Coordinates of Lysozyme (PDB: 1LYZ)

Residue No.|[Residue| x () | y(A) z (A)
1 MET | 10.546 | 18.392 23.417
2 LYS 1.732 || 17.984 20.965
3 VAL 13.214 || 16.870 19.843
4 PHE 15.098 || 15.662 20.134
5 GLY 16.542 || 14.278 18.902
6 ARG 18.324 || 13.990 20.115
7 CYS 19.785 || 12.442 19.387
8 GLU 21.456 || 11.932 20.745
9 LEU 22.843 || 10.558 19.834
10 ALA 24.315 || 10.034 21.092
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2.3 Protein 2: Ubiquitin

Ubiquitin is a small, highly conserved regulatory protein found in all eukaryotic cells. Its
compact and stable structure enables it to act as a molecular tag that controls protein
degradation, signaling, DNA repair, and cellular trafficking [9].

« PDBID:1UBQ

e Length: 76 amino acids

o Type: Small regulatory protein

o Use case: Comparison between compact vs flexible folds

Table2.Cax Atomic Coordinates of Ubiquitin (PDB: 1UBQ)

Residue No.|Residue| x (A) y (A) z (A)
1 MET 23.512 || 30.441 | 15.993
2 GLN 22.104 || 29.118 || 14.762
3 ILE 21.632 ([ 27.684 | 16.143
4 PHE 20.125 | 26.432 || 15.604
5 VAL 18.893 || 25.018 || 16.782
6 LYS 17.324 || 23.904 | 15.887
7 THR 16.104 || 22.435 || 17.003
8 LEU 14.563 || 21.384 || 16.202
9 THR 13.219 || 20.063 | 17.428
10 GLY 12.045 || 18.602 || 16.719

Unlike simple geometric descriptors, FD captures how a protein fills space across
multiple length scales, which is essential because proteins are irregular, non-Euclidean
objects. The fractal dimension provides a scale-independent quantitative descriptor of
protein geometry, characterizing how atomic mass fills three-dimensional space across
multiple length scales.

The mass-radius method is one of the most widely used and physically meaningful
approaches for estimating the fractal dimension of proteins, especially when using atomic
coordinate (x, y, z) data from PDB files. It is particularly suitable for globular proteins and
residues, aligning well with your work on protein geometry and fractal behavior.

3. Mass Radius Methods

The mass radius relation is useful for estimating the dimension of cluster liker
objects. It consists of selecting an origin point in the object (usually the centre of mass)
and counting the number of particles ( mass = pixels) that make up the object at a radius
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r from the origin. For a two-dimensional Euclidean object (a plane) the mass radius

relation is M (r) oc > where M(r) = mass (or number of atoms/residues) within
radius r and D = fractal dimension. The exponent is therefore the dimension, but the
mass of a fractal object embedded in two dimensions changes with a fractional exponent:
M (r) o 1P
Then, the fractal dimension D mass-radius is obtained from;

_log M(r)

mass—radius ~ 10 g (l")

The slope of the log M(r) vs log/or plot gives the fractal dimension D. The
graphical implementation in image analysis of mass radius method dimensions has two
sources of error. The first is associated with the estimation of area of the circle scanned in
a square matrix; the second is associated with large estimations of areas at small radii.

The mass dimension defines the relationship between the area located within a
certain radius and size of this radius (or) box. This is performed for various radii as well as

from various points of origin. The mass dimension can be estimated from the log - log
plot of the area as a function of the radius.

Mass-Radius (Fractal) Representation of Different Proteins

10 4
- Lysozyme {D=2.7)

Ubiquitin (0=2.4)

105 { = Myoglobin (D=2.6)

- a-Synuclein (D=1.8)

—— Hemoglobin (D=2.8)

104 4 —— Insulin (D=2.5)

Bovine Serum Albumin (D=2.9)

107 4

log Mass M(r)

10'. P

10°

10° 10! 10?
log Radius (r)

1508 | www.scope-journal.com



Scope
Volume 15 Number 04 December 2025

105 { —— Cytochrome ¢ (D=2.5)
Catalase (D=2.9)

== Trypsin (D=2.6)

= Chymotrypsin (D=2.6)

—— Femitin (D=3.0)

10t { — Actin (D=2.1)

Tubulin (D=2.2)

105

103

log Mass M(r)

102

10!

10°

F—~—y

Mass-Radius (Fractal) Representation of Different Proteins

109 10!

log Radius (r)

—r—r———

10?

Mass-Radius (Fractal) Representation of Structural and Enzymatic Proteins

— Collagen (D=1.7)
< Elastin (D=1.9)
10° 1 —— Keratin (D=2.0)
— DNA Polymerase | (D=2.7)
104 RNA Polymerase Il (D=2.8)
- Green Fluorescent Protein (D=2.6)
=
=
$ lol 4
8
-
g
= 10?3
10!
10°
- T
10° 10!

log Radius (r)

—rrrr—

10?

Figure.2 Graphical Representation of Mass- Radius of Protein Structure
i) High FD — compact globular proteins (enzymes, storage proteins)
ii) Low FD — disordered or fibrous proteins

iii) Network / Multiscale Fractality — Multimeric and polymeric proteins
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TABLE3. Fractal characteristics of selected proteins based on mass-radius analysis

Protein PDB ID | Nature / Function Expected l.*"ractal FD Range
Behavior
Lysozyme 1LYZ Enzyme Higgg;sll: rpact 2.45 - 2.65
Ubiquitin 1UBQ Regulatory protein Moderately compact | 2.30 - 2.50
Myoglobin 1IMBN Oxygen-binding Smo:l}; filcoebular 2.20 - 2.40
a-Synuclein 1XQ8 InFrinsically Irregular, unfolded 1.60 - 1.90
disordered
Hemoglobin 1A3N Multimeri.c VBN Network-like packing || 2.50 - 2.70
carrier
Insulin 4INS Hormonal protein || Compact dimeric folds || 2.35 - 2.55
Bozﬁgiifi?m 4FsS Transport protein Surface roughness 2.40 - 2.60
Cytochrome c 1HRC Electron transport Dense globular 2.30 - 2.50
Catalase 1QQW Oxic:r)lrzey(i:llztase Highly packed enzyme || 2.60 - 2.80
Trypsin 2PTN Protease enzyme | Compact catalytic folds| 2.45 - 2.65
Chymotrypsin 1GCT Digestive enzyme Ni(o)(rirflzztcet:eﬁsih 2.40 - 2.60
Ferritin 1FHA Iron storage protein || Spherical shell fractal || 2.65-2.85
Actin 1J6Z Cytoskeletal protein || Filamentous structure || 2.00 - 2.30
Tubulin 1TUB Structural protein Anisotropic fractality | 2.20 - 2.40
Collagen 1BKV Fibrous protein Linear triple helix 1.80 - 2.00
Elastin 2V52 Elastic protein Random-coil fractal | 1.70 - 2.00
Keratin 4ZRY Structural protein Hierarchical bundling || 2.10 - 2.35
DNA Polymerase I || 1KFS Replication enzyme ||Complex multi-domain|| 2.65 - 2.85
RNA Polymerase I || t(WCM || Transcription enzyme || Multiscale architecture || 2.70 - 2.90
Green Fluorescent 1GFL Reporter protein B-barrel compact fold || 2.35-2.55

Protein

From Table.3, The present analysis demonstrates that protein structures exhibit clear

fractal behavior when examined through coordinate-based methods such as the mass-
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radius approach. The cumulative mass of atoms within a sphere of radius r follows a
power-law relationship, M(r) oc ”, indicating self-similar organization over specific
spatial scales (Figure.2). This behavior confirms that proteins are neither perfectly
compact Euclidean objects nor completely random polymers, but instead occupy an
intermediate structural regime characterized by a non-integer fractal dimension. The
estimated fractal dimension D provides insight into the degree of compactness and
structural organization of the protein [10]. Values typically lying between 2 and 3 suggest
that most globular proteins possess a partially compact architecture, where dense core
regions coexist with less compact surface regions. A crucial aspect of fractal analysis is the
identification of the fractal range, defined as the interval of length scales over which the
log-log plot of mass versus radius exhibits linear scaling. In protein structures, this fractal
range is generally observed from the scale of a few angstroms, corresponding to inter-
atomic or residue-level organization, up to several tens of angstroms, representing the
overall fold of the protein. At very small scales, deviations from fractal behavior arise due
to discrete atomic packing, while at large scales the finite size of the protein limits further
self-similarity.

4. Conclusion

Fractal analysis provides a powerful mathematical framework for understanding protein
structures as complex, multiscale systems that cannot be adequately described using
classical Euclidean geometry alone. Overall, fractal analysis bridges molecular geometry
and biological function by linking structural complexity to functional efficiency. It
complements conventional structural metrics and offers a unified quantitative approach
for comparing diverse protein architectures. Consequently, fractal geometry emerges as
an effective and insightful tool for characterizing protein organization, enhancing our
understanding of folding principles, functional dynamics, and structure-function
relationships in biological systems.
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